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Abstract 



We present the best constant and the existence of extremal functions for an Improved 
Hardy-Sobolev inequality. We prove that, under a proper transformation, this inequality is 
equivalent to the Sobolev inequality in R^. We also discuss the connection of the related 
functional spaces and as a result we obtain some Caffarelli - Kohn - Nirenberg inequalities. 
' Our starting point is the existence of a minimizer for the Bliss' inequality and the indirect 

^ . dependence of the Hardy inequality at the origin. 
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00 ! 1 Introduction 
O 

K*" ■ Assume the following inequality: 

X 



JV-2 



5^1 j r\v'\'^dr>cij \^°^\^)) ^ \v\'^-^dr\ , (1.1) 

which holds for any function v E C^(0, R). This inequality may be obtained from a more general 
inequahty |29l Theorem 4] (see also [25^ Lemma 2.2])). However, as prof. V. Maz'ya pointed to 
us this inequality is also obtained from Bhss' inequality p!0] ( For the derivation of this inequahty 
and some related discussion we refer to Section 3). In this work, we prove that under a proper 
transformation inequality (jl.ip is equivalent to the Sobolev inequahty in and consequently 
we obtain the best constants and the minimizers for (jl.ip . The best constant in the Sobolev 
inequahty in M^: 



/ 



JV-2 

\Vu?dx>S{ I \u\-^^dx\ , (1.2) 



as it is well known, see [H [281 133]) is 
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2 



where Stv is the area of the N-dimensional unit sphere and the extremal functions are 

i,,,,{\x\) = + uMf)-^''-^y\ ^ ^ 0, ^ / 0. 

For a quantitative version of the sharp Sobolev inequahty we refer to [20j . 
LEMMA 1.1 Inequality under the transformation 
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u{r)=w{t), t=[-log[-)) (1.3) 
is equivalent to The best constant is 

AT \ jv / \'B>n\ \ ^ 

where wat denotes the Lebesgue measure of the unit ball in and the minimizers are 
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<AM,.W=V'M,-(i)= (^^' + ^'(-log(-^)) "'"j , /i/ 0,1^/0. (1.5) 

It is clear that </> may be continuously defined as (p^^ui^) = /i^^^^^^ and (l)^^y{R) = 0. 

As an application of inequality (II. ip the authors in [25] , proved the following Improved Hardy- 
Sobolev (IHS) inequality: 

Vu(x)^dx > / , , dx 

Br V 2 ; Jb^ \x\^ 

N-2 

2{N-1) \ JV 

+Chs\ I \u{\x\)\-^^ [-\og[^^]] dx) , (1.6) 

in the radial case, i.e. where Br is the open ball in M^, A > 3, of radius R centered at the origin 
and u € CQ°(i?/j\{0}) is a radially symmetric function. The same result was proved in [3p|, with 
the use of a Caffarelli-Kohn-Nirenberg inequality. Actually, in [25] the following general (not in 
necessarily radial case) IHS inequality was proved: Let Q be a bounded domain in R^, A > 3, 
containing the origin, Dq = sup^jgj^ |x| and D > Dq^ then the following inequality 

- \ 2 J \x\- 

N-2 

2(N~1) \ —N~ 

N-2 \ 

+CHs{^)\j^\n\-^^[-\og[^^jj dx\ (1.7) 

holds for any u G C^(r2\{0}). Prom the discussion in [25l[30], it is clear that the nature of p.7p 
depends on the distance of D from Dq, for instance in the case where D = Dq the author in |30j 
proved that the inequality cannot hold if we consider nonradial functions. 

Both papers follow the approach that is based on the following change of variables (This 
approach was introduced in [13j and followed in various ways by many authors); For any u E 
Hq{^) we set 

N-2 

u = \x\ 2 V (1.8) 



N-2 
2 
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and in this case we have 



^u\^dx-(^^y [ ^dx= I |x|-(^~2)|V^pdx. (1.9) 



2 J Jn\x\^ 
Then, inequahty (jl.7p is equivalent to 



N-2 

2(N-1) \ N 



and which in turn is equivalent, in the radial case, to (jl.ip . Therefore, is natural to consider the 
space see [25], which is defined as the complement of the C^{i^) functions 

under the norm 



n 



IVKo'^(|a;|-(JV-2),n) 

The space W(^'^(|x|~*-^~^^, il) has the property (for a generalization see Lemma ll.2p that if 
u £ Hq{Q) then \x\^^^'^^^'^u E VFq''^(|x|~^^~^\ fi). (Some other properties of this space may 
be found in Section 2). The advantage of this space is the following; assume an inequality, e.g. 
an improved Hardy inequality (see |25', Section 3]), which admits no Hq- minimizer then, under 
the change of variables (jl.Sh . the corresponding inequality admits Wq''^{\x\^^^^'^\Q,) minimizer. 
This happens because ifv € VFo'^(|x|"(^-2),J^) then it is not necessary that belongs 
in H^{n). 

From (jl.9p it is also natural to define the space H as the completion of the set 

[\x\-^^{xy,<pec^{n)] 

under the norm 

M\Hin) = jJ'^^l^dx-^-^j j^ — dx-L\u) (1.11) 

where Ur is the radial part of u, i.e. we extend u as zero outside 0, and for some R > sup^.gQ \x\, 
we take the projection of u on the space of radially symmetric functions, i.e., 

\0^r\ JoBr 

and by L{u) we denote the quantity 

/N(N-2) N-2 

L{u) := —— ^-OJN lim \x\ — Ur{\x\). (1.12) 

V 2 J \x\^o 

For the definition of this space and some related properties we refer to [361 137j . We note that 
ffQ(r2) is a subspace of H{Q). The fact that the space H is not convenient to be defined as the 
completion of the C^{^}) functions under the norm 

m) = i I V'^l' - f ( ^ dx. (1.13) 



is explained in [3B] and this due to the presence of a "boundary" term; if we define H with norm 
given by (|1.13p then functions that behave at the origin like \x\~'^^~'^'^/'^ fail to be in H. 

The connection between the spaces H{n) and Wl''^{\x\-~^-^~'^\n) is given in the following 
lemma; 
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LEMMA 1.2 Assume that ^ is a bounded domain o/M^, > 3, containing the origin. Then, 
u € H{Q) if and 
norms is given by 



u € H{Q) if and only if \x\'^^ u G l^Q^'^(|a;| '^\^)- In this case the connection of the 



or 

2 r „,2 



j \Vu\^dx-(^^LJ^j j ^dx-L\u)= j |xr(^-2)|Vt;pdx. (1.14) 



In addition we can relate these spaces, in the radial case, with the space L'^'^(M^), which is 
defined as the closure of C^(M^) functions under the norm 

For more details we refer to the classical book [T]. If we denote by Hr{^), Wq'^{\x\^^'^~'^\ Q) and 

Dr'^(M^) the subspaces of H{Q), W^'^{\x\-(-^-^ln) and D^^^{R^), respectively, which consist 
of radial functions, we have that 

LEMMA 1.3 Let v G Wq'^^{\x\-^^-^\ Br) and set 

vi\x\)=w{t), t= (^-log(^M^^ (1.15) 

as in (El). Then, v G Wq;^{\x\-^^-^\ Br) if and only if w G Dr^{R^) and 

W^-^{\x\-(N'^KBn) = - 2)"^ \MDy(RN)- (1-16) 



V 



Observe that (11.160 is independent of the radius R and in the case where = 3 the norm in 
Wo^i\x\-^^-^\BR) coincides with the norm m Dr''^{R^). Moreover, (fLTi|) and (fLT6|) imply 
that 

COROLLARY 1.1 Let u G Hr^BR) and set 



\X\ \ \ 



w{t) = \x\ — u{\x\), t= i^-logi^^jj . (1.17) 

Then, if u e Hr{BR) then w G d}.''^{R'^) and 

IHlW) = (^-2)"MklliM(^.). (1.18) 



For a related to the IHS inequality (11. 6p , as a consequence of Lemma II. H we have 
THEOREM 1.1 The infimum of the ratio 

Ib |Vt;(|x|)|2dx 



JV-2 ' 



(1.19) 



r 2(iV-l) \ AT 

/bJ^i-^ (-^^^C4)y \v{\x\)\^^ dx] 
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IS 



Chs ■■= S{N) {N - 2)-2(^-i)/^ (1.20) 

and it is achieved by 



^^ / 



where the infimum is taken over the radially symmetric functions o/ VFq'^(|x|~*-^~^\ i?ij). 

Observe that we may continuously define u{0) = /i^^^^^^ and u{R) = 0. We also have (see the 
proof of Theoremini), that u^,^ e W^'^{\x\-^^-^\ Br) but \x\-^^-^Kf,^^ ^ HI{Br). 

Concerning (II. 6p . under the transformation (ll.lTh . we relate it with the Sobolev inequality 
()1.2p . Then, we prove that the best constant in (|1.6p is Chs-, as defined in (|1.20p and the 
minimizers of (II. 6p are 

«m,n(|x|) = |x|^^Vm,n ^(^-log (^^^^ ' ^ , X G Sr\{0}, (/'„|aij^=0. (1.22) 

where V'm.n. are given by (|1.2ip : 
THEOREM 1.2 T/ie inequalities / TO) and 



/ 



(Vti;(t))^dt>(iV-2)^^C//5 / k(t)|^(it . (1.23) 



iV-2 
JV 



are equivalent under the transformation Then, the best constant in is lil.20\) and 

the minimizers are given by \1.2S^) . 

In this direction, making some straightforward calculations, we have that 

THEOREM 1.3 For each n, cpn solves the corresponding to U.b]) Euler- Lagrange equation: 

„ 2(N-1) 

-An-^^j = (-log(yjj u^-^ (1.24) 

Ado. = 0. 

For the nonradial case, i.e. is an arbitrary bounded domain in M^, containing the origin, 
-Dq = sup^gf^ and D > Dq, we refer to the recent work [3]. 

The paper is organized as follows: In Section 2 we consider the spaces VFJ'^(|j;|~^^~^^, fi) 
and H{Q), we prove Lemma [1.21 and as a consequence we obtain some Caffarelli-Kohn-Nirenberg 
inequalities. In Section 3 we consider inequality (jl.ip and in Section 3 we give the proof of the 
remaining theorems. 

For Hardy inequalities and their possible improvements we refer to [HI [12l [131 [IS [HI [121 [23l 
[25l [32l [37| and for various type of Hardy-Sobolev inequalities we refer to the works [21 [H [5l [H [71 

[ISl[Ill[21[2ni[271[ni[Ml[3S]. 

Notation In the sequel we often use the notation r = 
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2 The spaces WQ'\\x\-^^-^\n) and H{n) 

In this section we give some further properties for the spaces Wq''^{\x\^^^~'^\Q) and H{Q) and 
give the connection between them, i.e., we give the proof of Lemma ll.2[ 
Concerning Wg^'^(|x|~^^~^\ $7) from [25] Lemma 2.1] we have that 

LEMMA 2.1 (i) Ifu G H^{n), then \x\^u G W^'^{\x\-^^-^\n). 
(ii) Ifve W^'^{\x\-(^^-^\n), then [xl^'^v £ H^in), for all a < 
(Hi) The norm 

r \ 

|x|-(^-2)|V^i;|2dx+ / \x\-(^-^'> wUx] 



In JQ J 

is an equivalent norm for the space 

(iv) The space is a Hilbert space with inner product 



-(N-2) 



V(f) ■ VV- dx. 



Concerning H{Q) from |37j we have that 
LEMMA 2.2 (i) The space H{Q) is a Hilbert space with inner product 

<4>,i^ >Hin)= J^V^-Vi^dx- (^^^) X ~ ^^^^ 

(ii) Ifue Hq{^}), then u G H{0,) and if u e H{0,) then u G nq<:2W^'''{0,), i.e., 

(Hi) The continuous imbedding H{^}) ^ Hq, < s < 1 imply that the space H(0,) is compactly 
embedded in L''{Q), for any 1 < q < 

Moreover, from \67\ Theorem 4.2] we have the following. 

THEOREM 2.1 Let Br the sphere inM.^ , N > 2,, centered at the origin with radius R. Let 
Zm,n be the n-th zero of the Bessel function Jm and (pkif^) be the orthonormal eigenf unctions of 
the Laplace- Beltrami operator with corresponding eigenvalues Ck = k{N + k — 2), k > 0. Then, 
the two-parameter family 

ek,nir,a) = r ~ J„ [-^^) fpkicr), (2.1) 
with m? = k{k -\- N — 2), consist an orthogonal basis of L^^Br). 

REMARK 2.1 Note that all the Jm vanish at r = 0, except Jq for which (under normalization) 
Jo(0) = 1. Then, the maximal singularity corresponds to the sub- family of eigenf unctions with 
j = 

N-2 

eo,n = 0{r 2 ) 



These functions represent the complete sub-basis for the subspace Xi of radial functions in 
L^{Br). They do not belong to Hq{Q.) but belong to H{^). 
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Proof of Lemma 11.21 (i) Let v € C^(r2), setting u{x) = \x\ ^^/^ v{x) we have 

/ |Vnpdx-f^^V / T^dx= f \x\-^^-^)\Vv\^dx + \ I Vj^r^^-^) • Vt;^ dx. (2.2) 

We first treat the radial case; we assume that = Br and let v{r) G C°°(0, -R), f(-R) = and 
v{r) E VFq ri). From this point of view the second integral in the right hand side of 
()2.2p is equal to 

- / V|a;|-(^-2) . Vv^dx = -iVwiV^^ / {v^)' dr = '-uJNV^{fS). 

^ Jn 2 Jo 2 

Then, (j2.2p implies that u € H^Bpt). For the nonradial case, in order to estimate the second 
integral in the right hand side of (12. 2p . we use the decomposition into spherical harmonics; Let 
V G Co°(0). If we extend u as zero outside Q, we may consider that v € Co°(M^). Decomposing 
f into spherical harmonics we get 

oo oo 

V = ^Vk ■■=^fk{r)(l)k{a), 

k=0 k=0 

where (pki^^) are the orthonormal eigenfunctions of the Laplace-Beltrami operator with corre- 
sponding eigenvalues = k{N + /c — 2), A; > 0. The functions fk belong in Cq°(M'^), satisfying 

/fc(r-) =0(r^), and /^(r) = 0(r'=-i), as r i 0. (2.3) 

In particular, (j)o{<^) = 1 and Vo{r) = jq^^ Jg^ uds, for any r > 0. Then, for any k € N, from 
(j2.3p we have that 

- /" V|xr(^-2).V7;2dx = -y [ V|xr(^-2).V/|dx 

2 2 t^^jRN 



k=0 ' 



iV(iV - 


2) 


2 




iV(Af - 


2) 


2 




N{N - 


2) 


2 



oo 

UN ^lini/|(r 

fc=0 



'^Tv/o'CO) 

a;ivi'o(0). (2.4) 



Then, u G F(y) and ([221) is equal to (fTTi]) . 

(ii) Assume now that n G F(17). Setting t;(x) = [xj^-^/^ n(x) we have 



/ 



X 



n \ J Jbr \x? 



^ — / |x|"^x • Vn^dx. (2.5) 



In order to estimate the last integral above, we use Theorem 12. li Since u G H{i}) from Lemma 
2.21 we have that u G L^(r2). Moreover, for some R > sup^.gf^, we may assume that u G L^{Bji). 
Then, Theorem 12.11 implies that there exist Cn, G M, n = 1, ... such that 

oo oo 

= ^ ^ c„ ek,n{r) (pkicr), 

n=Ofe=0 
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where 
Then, 

X X • Vti ax = / X X • Vn ax 



2 

oo oo 



Br 



X^X]'^"^" / l^r^^ • '^e|„(r)dx. (2.6) 



n=Ofc=0 



We have further, for every k and n, that 

[xp^x-Vefc (r)(ix = '\ iVtJAf / r^"^ (e? „(r))' dr 



iV-2 /■ , 9 . . , iV-2 '■■^ 

Y 



2 

7V-2 



2 r^O 



or 



oo oo 



/ V|xr^x-V4„(r)dx = - ^^ /n2^^ 
N{N - 2) 



,2 



oo oo 

■WAT 

n=0 A,-0 



^^c„hmr^-2et„(r). (2.7) 



However, Remark 1 2 . 1 1 imphes that the only nonzero terms in the above hmit is given by eQ„(r). 
Hence, and ([IZD give that 



7V-2 r , ,_2 ^2, (^-2)W n2 , iV(Af-2) 

/ V x x-Vu ax = / - — ax wvcn. 

2 L ' ' 2 |x|2 2 

Finahy, (j2.5p becomes 

(iV-2)2 f , N{N-2) 



[ |xr(^-2)|V7;|2dx= / \Vu\^dx- ^^~^^ [ 
Jn Jn 2 Jq 



dx UJN Co- 



It is clear from the above discussion that cq corresponds to vq{0), i.e. we again derive (jl.l4p and 
the proof is completed. ■ 

COROLLARY 2.1 Assume now that Vn is a bounded sequence in Tyo^'^(|x|-(^-2),f]). Then 
Un = \x\~^^~'^^/'^ Vn is a bounded sequence in H{i}). The compact imbeddings of Lemma 1 2. ^ imply 
that, up to some subsequence, Un converge in L''{Q) to some u. Thus, we obtain the compact 
imbeddings 

<^(|xr(^-2),0)^L«(|xr^(^-2)/^^]), for any 1<Q<^ (2-8) 
and since I < q, we further obtain the compact imbeddings 

<2(|^j-(7V-2)^^)^^,((|^|-(iV-2)/2^j^)^ j^^^^y i<^<__^ (2.9) 
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where the weighted space L'^{w{x),il.) is defined as the closure of C^{Q) functions under the 
norm 



Li{w{x),n) = \ /^^(^) \(l^\''dx 



REMARK 2.2 In Ii2.8\) is clear that q cannot reach For this value of q the best that 

we can have is the inequality corresponding to U.19\) . In this sense the results obtained in the 
previous Corollary complete the results obtained in fWj/ (see also fT7[ 17^ [3^ ) concerning the 
Caffarelli - Kohn - Nirenberg Inequalities, in the limiting case where a = ^^-r^- 



3 Inequalities (11.11) and (11.61) 

In |29t Theorem 4] the following general inequality was proved 



" r-+oo 


/•OO 


Q 


1/9 


- r+co 


1/p 


_J — OO 


/ fit)dt 


d^{r) 


< c 


.J — OO 





(3.1) 



where 1 < p < q < oo, which holds for any / € Cg°(M), if and only if the following quantity 

(p-i)/p 



B= sup K(-oo,0)]'/'^ 

oo,+oo) 



°° j^^V^^^^'^^ dr 



where v* is the absolutely continuous part of u, is finite. Moreover, if C is the best constant in 
(f3Tll . then 

(p-i)/p 



B <C <B 



q-l 



(3.2) 



Inequality (II. ip is obtained (see [251 Lemma 2.2]) by setting p = 2, q = 2N/ (iV — 2), /(r) = f'(r), 
As prof. V Maz'ya pointed to us inequality (jl.ip may also be obtained from Bliss' inequality: 



PROPOSITION 3.1 For all v : (0, cx)) 
v{0) = one has 



OO 



absolutely continuous with v' € L'^(0, oo) and 

l/k 



10 F 

where l>k>l,h = l/k — 1 and 



K 



\l-h 



1 



dx < K 



\v'\''dx 



(3.3) 



hT{l/h) 



ni/h)T{{i-i)/h) 



i-h-i 

Moreover, equality holds in 113. 3\) if and only if 

v{x) = (a + bx-^)-^/'', 
for arbitrary positive constants a and b. 



(3.4) 
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In the case now where k = 2 and / = 2N/{N — 2) we have that h = 2/{N — 2) and / — h 
2{N - 1)/{N - 2). Hence ([33]) is equal to 

N/{N-2) 



\v{t)\— dt < K \v'{t)\^dtj . (3.5) 



As an alternative proof of Lemma 11.11 we may prove the following. 
LEMMA 3.1 (a) Inequality i3. 5\) under the change of variables 



t 

is equivalent to U.l\} 

(h) Inequality hS. 5|) under the change of variables 

t = r-(^-2) 

is equivalent to \1.S^) . 

We now give the proof of Lemma II. li 

Proof of Lemma 11.11 Let v € Cq°{0,R). Using the transformation (jl.Sp we have that 

y'(r) = —}—w'(t)t^'^r-^ 
^ ^ N -2 ^ ^ 



and 
Then, 



dr = {N- 2) t-(^-i) r. 



r\y'\^dr= r^—\w'{t)\H^-^r-Ut = ^— t^ \w' {t)\^ dt 







and 

'■R , ^ ^ s s 2(iV-l) 



r 







1 (_log(l))" \v\^.dr = I r-it2(^-i)mt)|^(iV-2)t-(^-i)rdt 

= (iV-2) / t^'^ \w{t)\^ dt. 
Jo 

So, inequality (jl.ip becomes 

N-2 

J^^t^~'\w'{t)\^dt>c{N-2)'^ ( /"t^-^moi^dt^ 

or 

|2 



N-2 

2(JV-1) 2/1' 2N \ N 



Vw\ dx>c{N-2) N (Nu;n)n / |uj|iv-2(ix 



It is clear that if t; € C^{0,R) we have that w G Z?^'^(M^). Then, the best constant and the 
minimizers are given by (jl.4p and (jl.Sp . respectively and the proof is completed. ■ 



Proof of Lemma 11.21 Follows directly from Lemma 11.11 and Lemma 11.21 ■ 

Acknowledgements. The author thanks prof. V. Maz'ya for noticing the connection between 
inequality (jl.ip and the Bliss inequality, prof. Luis Escauriaza for bringing to his attention the 
work [30j and prof. A. Tertikas for informing, after a personal communication, the results that 
were obtained in [3j. 
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